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The mitotic spindle, a micromachine composed of microtubules and associated proteins, plays a pivotal role
in ensuring the accurate segregation of chromosomes. During spindle assembly, initially randomly distributed
chromosomes are transported toward the equatorial plate and experiments suggest that several competing
mechanisms can contribute to this process of chromosome congression. However, a systematic theoretical study
of forces relevant to chromosome congression is still lacking. Here we show, by introducing a physical model,
that length-dependent forces generated by motor proteins transport chromosomes toward the spindle equator.
Passive cross-linkers, on the other hand, can generate off-centering forces that impair chromosome congression.
Our mean-field approach also reveals that stable points can exist in the vicinity of spindle poles, in addition to
the one in the center, and thus provides an explanation for erroneous spindles with polar chromosomes. Taking
all these processes into account, our study provides a comprehensive approach to understanding how different
spindle components interact with each other and generate forces that drive chromosome congression.

DOLI: 10.1103/PRXLife.2.043017

L. INTRODUCTION

The ability of the cell to replicate itself by cell division
is one of the basic principles of life. To ensure proper seg-
regation of duplicated genetic material between two daughter
cells, the cell arranges chromosomes in space and time. At
the beginning of mitosis, the cell exerts forces that transport
the chromosomes from initial random positions toward the
future division plane in a process termed congression [1-5],
as depicted in Fig. 1. Once congression is completed and
chromosomes are aligned with the metaphase plane, mitosis
proceeds by initiating the segregation of chromosomes. Thus,
a precise coordination of forces in space and time is required
for the arrangement of chromosomes during cell division.

The mitotic spindle is a bipolar micromachine composed
of microtubules (MTs) and associated proteins that self-
assembles at the beginning of mitosis and generates the
forces responsible for the chromosome positioning [5—8].
Spindle assembly relies on dynamic properties of MTs,
including polymerization, depolymerization, and stochastic
transitions between these two states [9]. Spindle MTs can
extend from spindle poles and interact with chromosomes
via kinetochores, termed kinetochore MTs [10]. Spindle
MTs that extend from opposite poles and interdigitate, en-
abling motor and nonmotor proteins to cross-link them,
and thus perform various biological functions [11-17], are
termed nonkinetochore MTs. These interactions between
MTs and chromosomes, mediated by motor proteins, drive
chromosome congression.
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Forces directed toward the spindle midplane are crucial for
chromosome assembly, and various mechanisms have been
proposed to explain how these forces arise [18]. Experiments
show that MTs extending from poles exert a force that pushes
chromosomes away from the pole, known as polar ejection
force, and that this force is generated by motor proteins at
chromosome arms [19-22]. Forces oriented toward the spin-
dle midplane are also exerted by plus-end-directed motor
proteins at kinetochores, such as CENP-E/kinesin-7, which
move along nonkinetochore MTs [23,24]. A recent study
has shown that chromosome congression relies on end-on
kinetochore-MT attachments and in their absence, chromo-
somes do not congress [25]. Pulling forces on kinetochores
are generated by depolymerization of end-on attached MTs,
as shown in vitro and in vivo [26-29]. Because forces at sister
kinetochores are oriented toward opposite spindle poles, the
force toward the center in this tug-of-war situation is gener-
ated when longer MTs exert greater forces than the shorter
ones. The MT length-dependent forces are produced by the
accumulation of a greater number of kinesin-8 motor proteins
at the plus end, where they promote MT depolymerization
and consequently increase pulling forces at the kinetochore to
which they are attached [30-33]. Alternatively, the longer MT
can also generate greater force through motor proteins that
accumulate along it in a length-dependent manner and gen-
erate faster poleward flux [34]. All these studies suggest that
different mechanisms contribute to chromosome congression
at the same time.

Theoretical models that describe spindle mechanics give
quantitative insights into key processes of mitosis. An impor-
tant process relevant to mitosis is the formation and stability
maintenance of antiparallel MT bundles, which have been
studied for a pair of antiparallel MTs [35,36], as well as
for MTs emanating from two poles or along preexisting
MTs [37,38]. Models for spindle formation also rely on MT
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FIG. 1. Model for chromosome congression. (a) Schematic representation of chromosome congression during spindle assembly, where the
chromosomes move from initial random positions (left scheme) to the spindle equator (right scheme). MTs (green lines) extend between spindle
poles (white circles) and interact with kinetochores (white circles at the chromosomes). Arrows represent chromosome movement direction.
(b) Geometry of the one-dimensional model with the spindle center at location x = 0, two poles at locations —L/2 and L/2, and kinetochores
at xi.. MTs are attached to kinetochores or not. They extend from spindle poles or nucleation sites at preexisting MTs. Motor proteins link
antiparallel MTs and exert force Fy,, while passive cross-linkers link parallel MTs and exert force F. on the kinetochores. Kinetochore motor
proteins link kinetochores to MTs, exerting force Fcg. Individual parts of the scheme are explained in the legend on the right. Inset 1 shows an
enlarged segment showing the MT nucleated along a preexisting MT. The more dynamic plus end is denoted by a plus sign and the less dynamic
minus end is denoted by a minus sign. Inset 2 shows the motor protein linking kinetochore MT with its antiparallel neighbor and exerting force
fm on the kinetochore MT. The arrows denote the direction of poleward flux of respective MTs. Inset 3 shows a passive cross-linker linking
the kinetochore MT with its parallel neighbor and exerting the force f. on the kinetochore MT. The arrows denote the direction of poleward

flux of respective MTs.

reorientation that leads to MT alignment, which is driven
by motor proteins and passive cross-linkers [39,40]. Several
theoretical models have studied how MTs and kinetochores
explore the space to get into the proximity of each other and
subsequently form kinetochore-MT attachments, including
biorientation [41-47]. In order to study chromosome posi-
tioning, in yeasts the models explored the contribution of
length- and tension-dependent regulation of MT dynamics
[48-52], whereas in higher eukaryotes the models incorporate
polar ejection forces and forces generated by kinetochore
motor proteins [53-57]. Recently, we showed that length-
dependent MT poleward flux generates centering forces at
the kinetochores during metaphase [34]. However, important
mechanisms that could drive chromosome congression, such
as MT length-dependent force and its cooperation with kine-
tochore motor proteins, have not been explored so far.

In this paper, we introduce a one-dimensional model de-
scribing forces that drive chromosome congression in human
spindles. These forces are generated by motor proteins and
passive cross-linkers that are attached to kinetochore MTs
and drive the poleward flux of these MTs. To determine the
numbers of motor proteins and cross-linkers, we calculate
MT distributions from their dynamic properties. The key
process behind the centering mechanism is the competition
between length-dependent pulling forces and the number of
MTs that attach to kinetochores. By using parameters that

are relevant for human cells, we find that motor proteins lead
to congression times comparable to experimentally measured
values. Passive cross-linkers, on the other hand, can generate
off-centering forces that impair chromosome congression, but
in competition with motor forces, they are weaker and do not
affect centering. Kinetochore-associated motor proteins gen-
erate a centering force that works together with these forces.
Thus, our theory presents a methodical framework for under-
standing the interactions among diverse spindle components
and the forces they generate to transport chromosomes during
spindle assembly.

II. MODEL

In order to study chromosome congression, we introduce a
one-dimensional model that describes the distribution of MTs
and the forces that arise in the interaction of MTs with kine-
tochores (Fig. 1). These forces are caused by the flux of MTs,
which depends on the length of the MTs, as a consequence
of the accumulation of motor proteins, such as Eg5/kinesin-5
[58-60], and cross-linker proteins, such as NuMA [61], on the
MTs. The model also includes forces generated by plus-end-
directed kinetochore motor proteins, such as CENP-E. The
key part of our model is MT length-dependent force, where
longer overlaps of antiparallel MTs accumulate a greater num-
ber of motor proteins. For this reason, longer MTs that are
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attached to the kinetochore from the farther pole side will
generate a greater force than those from the near pole side,
thus centering the chromosome.

In order to evaluate this force, we need to calculate the
distributions of MTs. Because MTs in human spindles are
predominantly aligned with each other [8], we use a one-
dimensional approach in which we consider MT distributions
with respect to the line parallel to the MTs. We separately
consider the MTs that are attached to kinetochores and those
that are not, where each of them is extending from the pole
or preexisting MTs. In addition, MTs that are not attached
to kinetochores are growing or pausing. Because MT dis-
tributions are dynamically generated, we calculate them by
taking into account known MT properties, including nucle-
ation, growth, pausing, and catastrophe.

A. Forces relevant for chromosome congression

In our one-dimensional approach, the position along the
spindle is denoted by x and can take values between —L/2 and
L/2, representing the left and right poles, respectively (Fig. 1).
Furthermore, x = 0 denotes the position of the spindle center.
To calculate how the position of the center of mass of the
sister kinetochores xi. changes in time ¢, we consider the force
balance at the kinetochores:

d-xkc
dr

Here n denotes the cytoplasmic drag friction coefficient of the
chromosome and F;, denotes the forces at the kinetochore.
The indices ¢ and r denote the left and right sister kineto-
chores, respectively.

Forces on the kinetochores arise from the MT plus-end
interaction with the kinetochores or from the interaction with
kinetochore motor proteins that link kinetochores to MTs
laterally,

n— = F,+ F. 1

F. = Four + Fee. (2

Here the interaction between the right kinetochore and Ny
MTs attached to it is calculated as Four = Y o8, (F 4+ F)).
The forces exerted by motor proteins and cross-linkers on the
ith kinetochore MT are denoted by F! and F/, respectively.
The force exerted by kinetochore motor proteins is denoted
Fce. Note that here and in the rest of this section we consider
forces exerted on the right-hand side only, whereas the com-
plete description of the model is provided in Appendix A.

The forces exerted by motor proteins and cross-linkers
attached to the ith kinetochore MT are given as

Foe = My cfoc: 3)

Here the numbers of motor proteins and cross-linkers are
denoted by m! , and m., respectively. The average forces ex-
erted by these motor proteins and cross-linkers are denoted by
fi and f!, respectively. We calculate the numbers of motor
proteins and cross-linkers attached to the ith kinetochore MT
of length I’ as

. Ko+
mfnc :/ dx ¢, Pap,pp(X), )

Xke

where the integration limits, and consequently the numbers of
motor proteins and cross-linkers, depend on the kinetochore
position. Here we take into account that the distribution of
motor proteins and cross-linkers depends on the probability
of binding to antiparallel neighboring MTs P,,(x) and paral-
lel neighboring MT P, (x), respectively. Linear densities of
motor proteins and cross-linkers are denoted by ¢, and c.,
respectively. The fraction of motor proteins that bind to the
kinetochore MT and a neighboring antiparallel MT is pro-
portional to the probability of finding an antiparallel neighbor
at that position, Py (x) = % Similarly, the fraction of
passive cross-linkers that bind to the kinetochore MT and
a neighboring parallel MT is proportional to the probabil-
ity of finding a parallel neighbor at that position, Py,(x) =

%. Here N, and N; denote the numbers of left and right
nonkinetochore MTs, respectively. We also define the lengths

of parallel and antiparallel overlaps with kinetochore MTs of

length 1" as [i, o, = [, it“+l'.dx Pap,pp(x). As linear densities of
motor proteins and cross-linkers are constant, Eq. (4) simpli-
fies to my, . = ¢m,c by, ,p- By using these overlap lengths, we
calculate the average overlaps for the kinetochore-MT bundle

composed of Ny MTs as

1 &
Lopap = - > lopap ®)
i=1

We calculate the velocity of motor proteins from the force-
velocity relationship vy, = vo(1 — fin/fo). Here f, is a load
force that opposes motor movement, f is the stall force of
the motor, and vy is the velocity of the motor protein without
a load. The motor velocity is equal to the relative sliding
velocity of antiparallel MTs, where v, = vf;f — v¢ describes
the case in which kinetochore MT and the associated nonkine-
tochore MT have poleward fluxes v{; and vy, respectively. On
the other hand, cross-linkers cannot generate an active force
between MTs, but if MTs slide between each other, the cross-
linkers oppose this movement by exerting a damping force. In
our model, the damping force of a cross-linker that connects
parallel MTs is given as f. = —&.v., where & denotes the
viscous friction coefficient. The relative sliding velocity of the
kinetochore MT and the associated nonkinetochore parallel
MT is given as v. = vl — vg.

In order to quantify the forces on the kinetochore MTs, we
impose that all kinetochore MTs of the same bundle slide with
the same velocity vi. = vy and consequently all the forces in
the same bundle have the same value f,iw = fm.c. This con-
straint, which dramatically reduces the number of unknowns,
is plausible because MTs within the same kinetochore-MT
bundle are connected by passive cross-linking proteins. In
this limit, the force between the MTs and the kinetochore
simplifies to

Faour = My, foo + M. fc. (6)

The number of motor proteins and cross-linkers on the

kinetochore-MT bundle is given as My, c = Y, mi, ., which
in combination with Eqgs. (4) and (5) yields
My, = Cm,cNkLap,pp- @)
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This equation is the core of the length-dependent force at the
kinetochore. Note that the average overlap lengths depend
on the position of the kinetochore, which in turn affects its
positioning. We also use a constant flux velocity for nonkine-
tochore MTs, vg, i = Fvo/2, based on results from [34].

The interaction between a kinetochore and the MTs at-
tached to it is given by a relationship between the pulling
force exerted by the kinetochore and the growth velocity of
the MTs [62]. We simplify this relationship with a linear
eXpression vgx = éFkMT. Here the growth velocity of the

kinetochore MTs vy is calculated from the relative movement
of kinetochore MTs, which flux with the poleward velocity
vs, With respect to the kinetochore, which moves with veloc-
ity vge = dxy/dt, resulting in vgx = vk — Uie. The effective
friction coefficient is denoted by &g.

The model also includes kinetochore motor proteins which
exert forces by moving along nonkinetochore MTs in a plus-
end-directed manner. We describe the force exerted by Ncg
kinetochore motor proteins as

Fcg = Ncg [fCE,ppPpp(-ka) + fCE,apPap(xkc)]v (8)

where the direction and magnitude of the forces exerted by
kinetochore motor proteins depend on MT orientation. For
the right sister kinetochore, described by Eq. (8), the forces
exerted toward the left and right by kinetochore motor proteins
are denoted by fcgpp and fc ap, respectively. These forces
are calculated from the force velocity relationships vcg,pp =
vepo(—1 — ff—) and vep,ap = vero(1 — ff—) The velocity
of kinetochore motor proteins is calculated as the relative
velocity of the kinetochore with respect to the associated
nonkinetochore MT, vcE pp = (Vke — Vi) and veg,ap = (ke —
vee). Here fcgo denotes the stall force of the kinetochore motor

proteins and vcgo the velocity without a load.

B. Distributions of kinetochore
and nonkinetochore microtubules

In order to calculate the number of MTs, the overlap
lengths, and the probabilities P, ,p, used in Eqgs. (7) and (8),
we need to evaluate the MT distributions, which we obtain
using a mean-field approach. This approach neglects fluctua-
tions and thus it is suitable for systems with a large number of
MTs. In our case, it is adequate for the description of nonk-
inetochore MTs, whose number in the metaphase is around
5000, whereas it provides an estimate for kinetochore MTs,
whose number is around 10, as measured in Ref. [8]. For these
reasons, the mean-field approach is relevant for describing
typical kinetochore movement, whereas stochastic simula-
tions are more appropriate for studying the variability in the
movement of individual kinetochores, as in Refs. [46,47,57].

Our model describes growing and pausing MTs, nucleated
either on the pole or along preexisting MTs. The densities of
these four distributions are denoted by n, (1), 7ip(1), pn(l, x),
and p,(l, x), respectively. These densities determine the num-
ber of MTs of length / extending from the pole, dN, =
(np + f1p)dl, and the number of MTs of length [ extending
from a nucleation site at position x, dN, = (p, + pn)dldx.
Following approaches from previous studies [63—-65], the MT
densities are calculated from their dynamic properties using

transport equations. For MTs that extend from the pole, the
equations are

anp Bnp

? = kp(?(l) — kpsf’lp — ng7 (9)
o, .
w = Kpslp — kcatnp» (10

and for those that extend from preexisting MTs, the equa-
tions are

8,0n apn
= = kacB(DNp(x) — kpspn = v (1)
ap ~
—8;1 = pSpH — kca[pn. (12)

In Eq. (9) the first term on the right-hand side describes MT
nucleation at the pole that occurs with rate k,, where the
Dirac delta function §(/) ensures that nucleated MTs have
zero length. The second term describes the MT switch from
growing to pausing, which occurs at a rate k. The last term
describes MT growth, in which the drift velocity is an ef-
fective MT growth velocity vs. The pausing MTs extending
from the pole are described by Eq. (10) and they disappear
upon catastrophe with a rate k¢,. The number of preexisting
MTs extending from the pole includes pausing and growing
MTs and it is calculated as Np(x) = [, dl ny(l) + Fi(0).
In Eq. (11) the first term describes MT nucleation along pre-
existing MTs extending from the pole with nucleation rate
multiplied by the density of nucleation sites along a single
MT, ky,c. The pausing MTs nucleated along preexisting MTs
are described by Eq. (12).

Growing MTs can attach to kinetochores when the M T plus
end is close to the kinetochore. The number of kinetochore
MTs extending from the pole is calculated as

N
= (Vg + vg)np|l—L/2—xkcpatt<1 - ]7) — kot Nip,
o

13)
whereas the density of kinetochore MTs nucleated along pre-
existing MTs is a function of MT length and is calculated as

dNip
dt

Bnkn
ot

= (Vg + Ug)pn|x=l+xkcpan<l - &> — kothxn.  (14)
No
In these two equations, the first term on the right-hand side
is the rate of MT attachment to kinetochores, which is pro-
portional to the current of MT plus ends at the kinetochore
position. The current is calculated as the velocity of the MT
plus ends with respect to the kinetochore multiplied by the
density of plus ends of nonkinetochore MTs. The attachment
probability to an unoccupied kinetochore site is denoted by
Pau- A fraction of unoccupied attachment sites is calculated as
the number of unoccupied attachment sites Ny — Ny divided
by the number of attachment sites Ny. Microtubules detach
from kinetochores at a rate kog.
The number of kinetochore MTs is given as

Nk = Nkp + Nkn(xkc)v (15)
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where the number of kinetochore MTs nucleated along preex-
isting MTs and reaching position x is calculated as

L/2—xyc

Mo = [ mad, (16)
X—Xke

which is valid for x between xi. and L/2. The overlap lengths

Ly, and Ly, are calculated as

1 L2
Lap,pp = ]71( Nkp/ degyr

Xke

L/2—xye XieH
+/ dlnkn/ dxP,, ). (17
0 Xke

In this mean-field approach, the sum over individual kine-
tochore MTs from Eq. (5) is split into two parts. The first
part describes kinetochore MTs that extend from the pole to
the kinetochore and all have the same length. The second
part of the sum describes kinetochore MTs nucleated along
preexisting MTs.

In this section, we have presented a one-dimensional model
for chromosome congression, which includes MT dynam-
ics and forces exerted by motor proteins, cross-linkers, and
kinetochore motor proteins. We aim to calculate the kine-
tochore velocity v as it is a key indicator of the vitality
of the congression and the stability of the metaphase plate.
Using the equations for the balance of forces on the kine-
tochores [Eqs. (1) and (2)] together with the expressions
for kinetochore-MT growth velocities [Eq. (AS)], average
motor protein forces [Eq. (A6)], average cross-linker forces
[Eq. (A7)], and average kinetochore-motor-protein forces
[Eq. (A8)], we can calculate the kinetochore velocity vk as
provided in Appendix B. The resulting formula for the kineto-
chore velocity as a function of the numbers of motor proteins,
cross-linkers, and kinetochore motor proteins is

vo ([ fi
Uke = ) 0 <_0(Mmr — M) + §c(Mer — MCZ))
ymt \ Vo
VCE0 — Vo/2
L vee Zvo/2 femoyy p ) (18)
VCE UCEO

Here  yarr = (1 + 2Nce 22)(1+ £2)(1+ £9) + [ (Mo +

UCE0
M) + E (M + M) + 2’35’3] is a shorthand notation for
a positive function of xy. “and it represents an effective
drag coefficient for the interaction between MTs and the
kinetochore. The shorthand notation f; ; = My, g{j—g + M o&c
is the sum of motor proteins and cross-linkers on the right
or left side, respectively. The shorthand notation for the
effective drag coefficient from the interactions between
the kinetochores and the kinetochore motor proteins is
vee = yar/(1 + %)(1 + f:i)~ Furthermore, P,, and P,, have

been replaced with P = % and P, = %, since
the same equations describe kinetochore motor proteins on
both kinetochores. The terms in parentheses in Eq. (18) show
that the direction of the velocity is dictated by the differences
in the total number of motor proteins, cross-linkers, and
kinetochore motor proteins on the right and left side, each

contributing to the velocity with different magnitudes.

III. RESULTS

In our model, the movements of the kinetochores are gov-
erned by a combination of forces exerted by motor proteins
and passive cross-linkers on the kinetochore MTs, as well
as kinetochore motor proteins [see Eq. (18)]. Additionally,
the distributions of these proteins depend on the geometry of
the system, including the number of MTs and their average
length, and thus getting a deeper insight into the contributions
of different proteins is challenging. Therefore, we study the
contributions of each protein separately, as well as concur-
rently. In this way, we gain a comprehensive understanding
of how they work together to ensure proper chromosome
congression.

We solve the MT distribution equations in a steady-state
limit (see Appendix C), which is reasonable due to the differ-
ence in timescales. For nonkinetochore MTs, the MT growth
time kp‘s1 ~ 0.1 min is much shorter than the time needed
for congression, usually 5—10 min [25,66]. We also calculate
the kinetochore-MT distributions in a steady-state limit (see
Appendix D), because the kinetochore-MT detachment time
k. ~ 3.5 min [67] is shorter than the congression time. We
selected the model parameters based on recent in vitro and
in vivo measurements. Table I shows the MT and kinetochore
parameters, and Table II shows the motor protein, cross-linker,
and kinetochore-motor-protein-related parameters.

A. Motor proteins exert length-dependent forces that drive
chromosome congression

In order to explore whether motor proteins can generate
forces that drive chromosome congression, we reduce our
model by setting the number of passive cross-linkers and kine-
tochore motor proteins to zero. In this regime we recalculate
Eq. (18), which then simplifies to

Mmr
dxie V0 Mwe 1[ nvo ek Vg
dt 2 AA,/;—::L‘Fl fO f()z(Mmr+Mm£)

MucMme 17!
+<2 fo +i>—e} . (19)
vOEgk %_gk M + Mg

Here it is evident that the kinetochore can move with velocity
up to vp/2 and that the kinetochore moves toward the side
with a larger number of motor proteins. We solve our model
by numerically integrating Eq. (19), in which the number of
motor proteins is calculated from Eqgs. (7), (15), and (17).

For parameters relevant for human spindles (Tables I and
II), the kinetochore, which was initially at a position close to
the left pole, moves away from it and approaches the spindle
equator zone in approximately 4 min [Fig. 2(a)]. Based on
this graph, we also estimate that the average velocity is about
I um/min. These predictions are consistent with the observed
congression time, when compared with central chromosomes
(Fig. 3(f) in Ref. [66]), as well as measured kinetochore ve-
locity [25]. The quantitative agreement between theory and
experiments suggests that the length-dependent forces gener-
ated by motor proteins can drive chromosome congression.

Kinetochore movement is driven by motor proteins that
accumulate in greater numbers on the farther pole side than on
the closer one [Fig. 2(a), blue lines]. Because the number of
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TABLE 1. Microtubule and kinetochore parameters.

Parameter Value Description

L 12 pm Pole to pole distance®

lo 2.6 um MT length®

ks 11 min™! MT pause rate®

Uy kpslo ~ 28 um/min ~ MT growth velocity

keat 0.6 min™! MT catastrophe rate¢

kp 600 min MT nucleation at poles®!
kyc 0.5 (um min)~! MT nucleation along MTs®
Ny 15 Maximum number of kKMTs"
Dat 0.02 KMT attachment probability®!
kot 0.35 min~! KMT detachment ratel

&k 300 pN min /um Effective friction coefficient®
n 0.08 pN min /um Cytoplasmic drag'

From Ref. [68].

"Estimated using electron microscopy data [8], which measured a
spindle length of 9.48 um and average nonkinetochore-MT length
of 2.07 um. By scaling to spindle length of 12 um, we calculate an
average MT length of 2.6 um ~ 2.07 um x ofs“:r‘n'

“Calculated by dividing the MT growth velocity from Ref. [69] by
the average MT length k,, ~ %

4 Based on electron microscopy data [8] that counted around 5400
nonkinetochore MTs in a cell and EB1 measurements [69] that
counted 62 869 dots in 75 frames for MTs in three cells, giving an
estimate of 280 growing MTs. Now, using the steady-state relation-
ship between growing and pausing MTs from Eqgs. (C8) and (C9), we
calculate k., = DS 5200280 -

¢Calculated using experimental data from Ref. [69]. Out of 280
growing MTs, 65% of the MT tracks in prometaphase are pointing
toward the opposite pole and 30% of MT tracks originate from
zones up to 1.5 um away from the poles that can be ascribed to
MTs nucleated at the pole. Consequently, the nucleation rate at the
pole can be calculated from the estimate of the number of growing
MTs nucleated at the pole as k% = 280 x 0.65 x 0.30 = 54.6, from
which we calculate k;.

fNote that the parameters k, and p,; are relevant for the one-
dimensional model but should be adjusted for more complex
geometries.

£Calculated using experimental data from Ref. [69] where the
number of MTs nucleated along preexisting MTs growing toward
opposite poles is 280 x 0.65 x 0.7 = 127.4. Using the parameters of
our model, we can estimate the number of growing MTs nucleated
along one MT as k[—;knc and multiplying by the number of pole MTs

gives Npk%knc = 127.4, where N, = % + Z%

"From Ref. [70].

iEstimated as the ratio of the kinetochore area [47] to the cross-
section area of the spindle [68].

iFrom Ref. [67].

kEstimated as force at the kinetochore, 300 pN [17], divided by the
growth velocity of kinetochore MTs, 1 um/min [34].

"From Ref. [71].

motor proteins depends on antiparallel MT overlaps, we plot
the distributions of kinetochore and nonkinetochore MTs for
kinetochores at the initial position xx. = —5 um [Fig. 2(b)].
Our calculations show that the number of kinetochore MTs
increases linearly with proximity to the kinetochore. By com-
paring the left and right kinetochore-MT distributions, we
find that there are more kinetochore MTs on the closer pole

TABLE II. Motor protein and cross-linker parameters. Here KC
denotes kinetochore.

Parameter Value Description

Cm 10 um™! Motor protein concentration®
fo 5pN Motor protein stall force®
Vo 4 um/min Motor protein velocity®

Ce 20 um™! Cross-linker concentration®
& 0.05 pN min /um Cross-linker effective drag®
Nce 20 No. of motors at the KC¢
fcro 6 pN KC motor stall force®
UCEo 2.4 um/ min KC motor velocity®
“Estimated.

"From Ref. [72].
‘From Ref. [34].
dFrom Ref. [73].
¢From Ref. [74].

side than on the farther one. The number of nonkinetochore
MTs has a maximum in the vicinity of the respective pole
and decreases in farther positions. By visualizing the fraction
of nonkinetochore MTs that form antiparallel overlaps with
kinetochore MTs, it can be seen that there is a substantially
larger overlap region on the farther pole side as compared
to the closer pole side [Fig. 2(b), middle and bottom]. This
difference is the main reason for a larger average antiparallel
MT overlap length and consequently a greater number of
motor proteins on the farther pole side.

In order to understand how the number of motor proteins
changes during chromosome congression, we explore the time
course of the average length of antiparallel overlap and the
number of kinetochore MTs, as these two quantities directly
influence the number of motor proteins [see Eq. (7)]. We find
that in the initial kinetochore position, the number of kine-
tochore MTs on the proximal pole side is almost three times
greater, but because of the large difference in the antiparallel
overlap lengths on the proximal and farther pole sides, the
number of motor proteins is greater on the farther pole side
[Fig. 2(c)]. As kinetochores approach the final position they
slow down and the number of kinetochore MTs and antiparal-
lel overlaps become equal on both sides.

In our model, motor proteins generate forces that are di-
rected toward the equatorial plane and thus drive chromosome
congression. To visualize the centering efficiency, we plot the
velocity of kinetochores as a function their position (Fig. 3).
We show the effects of both increasing and decreasing, by
factor of 2, three relevant parameters: the motor protein ve-
locity without a load, the density of motor proteins, and the
MT-kinetochore effective drag coefficient. We observe that the
kinetochore velocity is oriented toward the center regardless
of its position or changes in parameters. For kinetochores near
the poles, the velocity magnitude is close to vy/2, decreasing
as they approach the center, where it eventually reaches zero.

Furthermore, we explore kinetochore movement for dif-
ferent values of average MT length. As expected, there is
no congression for very short MTs, because there are no
kinetochore MTs on the farther pole side [Fig. 4(a), case 1],
but congression proceeds normally when the MTs are long
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FIG. 2. Motor proteins drive chromosome congression. (a) Solutions of the model for a case with only motor proteins, showing the time
course of kinetochore position (black solid line) and the number of motor proteins on the right (blue solid line) and left (blue dashed line)
for kinetochores initially at x = —5 um. The blue area indicates the spindle equator zone. Schemes below (a) depict motor proteins (blue
pictograms) and forces they exert (arrows) for initial and final kinetochore positions. (b) Distributions of kinetochore MTs (top) and of
nonkinetochore MTs (middle and bottom). The shaded regions indicate the fraction of MTs that form antiparallel overlaps with the kinetochore
MTs. The number of right kinetochore MTs, at positions to the right of xic = —5 um, is calculated as Ny, + Ny, (x), whereas the number of
left kinetochore MTs, at positions to the left of xy, is calculated analogously. Analytical expressions for MT distributions on the left-side Ny,
Nine(x), and N, are given in Egs. (D5), (D7), and (C10), respectively. The scheme below (b) depicts antiparallel overlaps for kinetochores at
position xi.. (¢) Time course of average antiparallel overlap length (black lines) and number of kinetochore MTs (green lines) for kinetochore
positions as in (a). Solid lines represent values for the right side of the model, while dashed lines represent values for the left side. Schemes
below (c) depict the number of attached kinetochore MTs and the average antiparallel overlap length for initial and final kinetochore positions.
The parameters are given in Tables I and II, except for ¢, = 0 and N¢g = 0.

enough to reach the kinetochore from the farther pole side
[Fig. 4(a), cases 2 and 3].

By calculating the velocity of the kinetochores as a func-
tion of the MT length, we find that for all lengths the velocity
is directed toward the center [Fig. 4(b)]. These calculations
show that the kinetochore velocity reaches a maximum value
for the average MT length around 1 um. The kinetochore
velocity has values comparable to biologically relevant values,
which are around 0.5 um/min [25], for an average MT length
between 0.6 and 3.8 um. To understand how the kinetochore
velocity reaches the maximum value, we explore the depen-
dence of the number of motor proteins on the average MT
lengths [Fig. 4(c)]. For small average MT lengths, the number
of motor proteins is small. By increasing the MT length, the
number of motor proteins, and consequently their force, in-
creases, overcoming the chromosome drag friction, resulting
in a greater kinetochore velocity [see Eq. (19)]. On the other
hand, a further increase in the average MT length results in a
smaller ratio between the numbers of motor proteins on both
sides, resulting in a decrease in the kinetochore velocity, even
though the number of motor proteins still increases.

In order to understand the relationship between the number
of motor proteins and the average MT length, we explore
changes in MT distributions. These distributions are repre-
sented by the length of antiparallel overlaps and the number
of MTs attached to each kinetochore, the product of which

is proportional to the number of motor proteins [see Eq. (7)].
For small average MT lengths, we find a significant differ-
ence in length between left and right overlaps [see Fig. 4(d)
for [y below 2 um], which remains for different average MT
length, even though both lengths increase. This difference is
the main reason for a greater number of motor proteins on the
farther pole side. The number of kinetochore MTs is smaller
on the farther pole side for smaller average MT lengths, but
above 6 um their difference becomes negligible. The relative
difference in the number of kinetochore MTs on both sides is
smaller as compared to the relative difference of the antipar-
allel overlap lengths, and thus the number of motor proteins is
greater on the farther pole side.

B. Forces exerted by passive cross-linkers impair
chromosome congression

In the preceding section, we showed that motor proteins
distributed along antiparallel regions drive chromosome con-
gression. Here we explore to what extent passive cross-linkers
accumulating in parallel regions affect chromosome con-
gression. Unlike motor proteins, passive cross-linkers cannot
generate active forces by themselves, and for this reason one
can assume that passive cross-linkers cannot have an active
role in chromosome congression. However, this reasoning
changes when passive cross-linkers act in combination with
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The changed parameters are given in the legend. The remaining pa-
rameters are given in Tables I and II, except for ¢, = 0 and N¢g = 0.

active processes that generate directed movement. In our case,
the directed movement of bridging MTs, poleward flux, drives
the movement of kinetochore MTs as they are connected
by passive cross-linkers. Thus, we explore the positioning
of the kinetochores in our system in the presence of pas-
sive cross-linkers, but without motor proteins on the kineto-
chore MTs.

To study the role of cross-linkers in chromosome congres-
sion, we analyze the kinetochore velocity in the limit where
the numbers of motor proteins and kinetochore motor proteins
go to zero (Mpyrm¢ =0 and Ncg = 0), for which Eq. (18)
simplifies to

Uk:@%ﬁi—l[lJriJr U
¢ AAZ_E; + 1 Ec %‘cz(Mcr +Mcl)

MM 77
‘ ] (20)

T )
H2—+— )7~
( Eok  Eo J My + My
This equation shows that kinetochores move toward the side
with a greater number of passive cross-linkers, which is

similar to kinetochore movement driven by motor proteins
[see Eq. (19)]. Because passive cross-linkers accumulate in
parallel overlaps and motor proteins in antiparallel overlaps,
we expect their distributions to differ and thus differently
affect chromosome congression.

Our numerical calculations show that for biologically rele-
vant MT lengths, the kinetochores do not approach the spindle
center. Instead, they asymptotically approach one of two sta-
ble points located near poles, with the point the kinetochores
approach depending on their initial position [Fig. 5(a)].

To further explore the kinetochore movement, we show
the dependence of kinetochore velocity on its position for
different values of the average MT length [Fig. 5(b)]. For
average MT lengths [y = 1.3 and 2.6 um there are two stable
points placed symmetrically with respect to the unstable point
located in the center. We refer to these three points as fixed
points. For larger average MT lengths /[y = 6 um, the central
location changes stability and becomes a unique stable fixed
point that the kinetochores approach irrespective of its initial
position.

To describe the system in the vicinity of the central fixed
point, we explore the stability of this point [Fig. 5(c)]. By
numerically calculating Eq. (E1), we find that the system
undergoes a supercritical pitchfork bifurcation with a critical
average MT length of [* & 3 um. In this case, above the criti-
cal MT length there is only one stable fixed point in the center.
Below the critical MT length the central fixed point becomes
unstable, and the transition in stability is accompanied by the
appearance of two stable fixed points.

To gain an intuitive explanation why the fixed point in the
center changes its stability, we depict distributions of MTs
for three different average MT lengths [Fig. 5(d)]. For small
average MT lengths, MTs do not reach kinetochores from the
far pole side, whereas from the near pole side, MTs reach
the kinetochore (case 1). In this case passive cross-linkers
accumulate within the parallel overlap at the near pole side
only and thus generate off-centering force. As the average MT
length increases, MTs reach the kinetochore from the far pole
side and cross-linkers accumulate at both sides, resulting in
similar forces on both kinetochores (case 2). For large average
MT lengths, the number of kinetochore MTs becomes similar
on both sides, thus a longer overlap on the farther pole side
accumulates more cross-linkers, producing a centering force
(case 3).

C. Collective forces of motor proteins and cross-linkers
determine the direction of chromosome movement

In previous sections, we separately explored the influence
of motor proteins and cross-linkers on chromosome congres-
sion, whereas in real biological systems they work together,
and thus we explore their combined contribution. For biolog-
ically relevant parameters, the kinetochores that were initially
displaced from the spindle center approach it in several min-
utes [Fig. 6(a)]. This outcome occurs regardless of initial
conditions, for kinetochores close to the pole and those closer
to the center. The dynamics of this process are similar to those
in the case without cross-linkers [Fig. 2(a)], implying that
motor proteins generate dominant forces during chromosome
congression.
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FIG. 4. Congression velocity depends on average MT length. (a) Shown on the left are solutions of the model showing the time course of
the kinetochore position for kinetochores initially at x,, = —5 um for different average MT lengths: Cases with small MT length /[, = 0.5 um
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Our results show that the average MT length plays an
important role in chromosome movement. To explore how
the velocity of kinetochores depends on their position when
both motor proteins and cross-linkers are present, we plot this
dependence for two different values of average MT lengths
[Fig. 6(b)]. For parameters as in Tables I and II, all velocities
are directed toward the stable central position. However, for
smaller average MT lengths, there are three stable fixed points
and two unstable fixed points located between neighboring
stable fixed points, leading to increased complexity in the
kinetochore movement.

Next we explore the stability of the central position for
different values of cross-linker density [Fig. 6(c)]. For a
wide range of cross-linker densities, the central position is
the only fixed point and all kinetochores move toward it,
irrespective of the starting position. When the concentra-
tion exceeds a critical value, the central location becomes
unstable and two new stable fixed points appear symmet-
rically with respect to the center, which is a signature of
supercritical pitchfork bifurcation. Further, we explore the
parameter space by studying kinetochore movement in the
vicinity of the central fixed point, as in Appendix E. We

find that the critical cross-linker density, for which the central
fixed point changes its stability, is linearly proportional to the
density of motor proteins [Fig. 6(d)]. For values below the
critical cross-linker density, congression proceeds normally,
while for values above it chromosomes move away from the
center.

Motivated by the complex kinetochore dynamics for
smaller average MT lengths [Fig. 6(b)], we explore the tran-
sitions that occur in this region of parameter space. Using
cross-linker density as a control parameter, we plot the posi-
tion of stable and unstable fixed points [Fig. 6(e)]. The results
show a subcritical pitchfork bifurcation, where an unstable
fixed point becomes stable, and two new unstable fixed points
emerge as the cross-linker density decreases. For the same
cross-linker densities there are two stable fixed points and they
coexist with the unstable fixed points, on both sides of the
bifurcation.

Depending on the number of stable fixed points, we iden-
tify three distinct regions in the parameter space [Fig. 6(f)].
These results suggest that, when there is more than one stable
fixed point, congression fails and kinetochores can be stably
located both near the poles and at the center.
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MT lengths for which the kinetochores will move toward the closer pole. The kinetochore movement direction is indicated by the black arrows.
(d) Schematic depiction of forces exerted by cross-linkers (black) on kinetochores (white) for short MTs (case 1), intermediate MTs (case 2),
and long MTs (case 3). The force magnitude and direction of each kinetochore are indicated by an arrow. In (a)—(c) the unchanged parameters

are given in Tables I and II, except for ¢, = 0 and Ncg = 0.

D. Plus-end-directed kinetochore motor proteins assist
chromosome congression

In addition to motor proteins and cross-linkers, our model
also describes kinetochore motor proteins that contribute to
chromosome congression by transporting chromosomes along
MTs toward their plus ends. In order to isolate the influence of
kinetochore motor proteins on chromosome congression, we
set the number of motor proteins and cross-linkers in Eq. (18)
to zero, yielding the kinetochore velocity

Vo %_1
Ukc:<UCEO__> - (l—i-
2/ % 4+

Here we see that the kinetochore velocity direction depends on
the difference between the kinetochore-motor-protein veloc-
ity without a load and the nonkinetochore-MT flux velocity.
This suggests that kinetochore-motor-protein-driven chromo-
some congression is possible when these motors are faster

NVCEo0 ) @1)
2Nck fcro

than the poleward flux, providing an explanation for dif-
ferent directions of chromosome movement in Fig. 7(a).
Based on Eq. (21), we also find that the kinetochore velocity
depends on the ratio of the number of left and right nonk-
inetochore MTs, whereas calculations in Appendix F show
under which conditions kinetochore motor proteins generate
anticongression.

To explore how kinetochore motor proteins work together
with motor proteins and cross-linkers to promote congression,
we plot a phase diagram by varying the cross-linker and motor
protein densities [Fig. 7(b)]. These calculations reveal that
chromosome congress in a large fraction of parameter space.
In comparison with Fig. 6(d), we observe that the region of
parameter space for which chromosomes congress increases
in the presence of kinetochore motor proteins, suggesting
that they promote chromosome congression. Taken together,
our theory shows that length-dependent poleward flux drives
chromosome congression for a broad range of biologically
relevant parameters.
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FIG. 6. Interplay of motor protein and cross-linker forces regulates the effectiveness of chromosome congression. (a) Solutions of the
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the unstable fixed points. (c) Position of the stable (black solid line) and unstable (black dashed line) points for different average cross-linker
densities and MT length [, = 2.6 um. The arrow on the x axis represents the cross-linker density ¢, given in Table II. The kinetochore movement
direction is indicated by the black arrows. (d) Phase diagram showing a region where congression occurs for different cross-linker and motor
protein densities for MT length /y = 2.6 um. The transition line occurs at ¢, = 0.019¢.. The red dot represents the density values given in
Table II. (e) Position of the stable (black solid line) and unstable points (black dashed line) for different average cross-linker densities and MT
length /o = 1.3 um. (f) Phase diagram showing a region where congression occurs for different cross-linker and motor protein densities and
MT length Iy = 1.3 um. The two transition lines occur at ¢, =~ 0.67¢, and 0.29¢.. The kinetochore movement direction is indicated by the
black arrows. The remaining parameters are given in Tables I and II, except for Ncg = 0.

IV. DISCUSSION It has been shown that regulation of the length of MTs
attached to kinetochores is essential for optimal congression
velocity, where the MT dynamics is controlled by motor pro-
tein Kif18A, which accumulates in a length-dependent man-
ner [30,75,76]. Our model provides an alternative explanation,
where kinetochore MTs form overlaps with nonkinetochore
MTs and thus exert forces that are length dependent (Fig. 2).
These two mechanisms do not oppose each other, and thus
they can work together, but future experiments will clarify the
contribution of each individual mechanism.

In experiments in cells with altered concentrations of
CENP-E proteins, chromosomes can be found in the
metaphase plane, as well as near the poles [25]. Such states
can persist for long periods of time, even after inhibiting
Aurora B (which detaches kinetochore MTs at low interkine-
tochore tension), suggesting that there are several stable
locations along the spindle where kinetochores tend to accu-
mulate. Our model predicts that a regime with multiple stable

Our model highlights the importance of forces propor-
tional to MT overlap lengths in chromosome congression. Our
calculations show that motor proteins, which accumulate in
antiparallel overlaps, at long kinetochore MTs produce forces
that overcome those generated on the shorter kinetochore
MTs, resulting in chromosome congression. Conversely, pas-
sive cross-linkers produce forces that pull the chromosomes
toward the closer pole, opposing congression. Crucially, the
forces generated by the motor proteins are large enough to
overcome the forces that oppose congression. Our calcu-
lations also show that plus-end-directed motor proteins at
kinetochores assist congression. Thus, our model provides
a suitable tool for studying forces relevant for chromosome
congression and reproduces experimentally measured kine-
tochore velocities, including the duration of chromosome
congression.
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FIG. 7. Chromosome congression with kinetochore motor pro-
teins alone and in combination with other proteins. (a) Solutions
of the model showing the time course of the kinetochore position
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starting at x;. = —5 um for different velocities without a load of
the kinetochore motor proteins. (b) Phase diagram showing a region
where congression occurs for different cross-linker and motor protein
densities. The remaining parameters are given in Tables I and II.

points can appear. For example, in spindles with small average
MT length, stable points in the center and near the pole coex-
ist, and kinetochores approach one of them, depending on the
initial position [Figs. 6(b), 6(e), and 6(f)]. A close comparison
of our theoretical predictions and experiments that quantify
the distribution of MTs attached to kinetochores will provide
deeper insight into the mechanisms that help in the correction
of these erroneous states.

Our model describes the movement of one chromosome,
implying that chromosomes move independent of each other.
The study of chromosome movement during the metaphase
shows that chromosomes typically move independently of
each other, but in the case of neighboring chromosomes
there is a certain correlation in the movement of chromo-
somes [77]. Based on this observation, it was proposed that
the correlation is a consequence of the interaction between
kinetochore MTs of neighboring chromosomes. In our mech-
anism of chromosome congression, forces at kinetochore
MTs arise from interactions with neighboring MTs. Thus,
extending the model to include multiple chromosomes and
the interaction between their kinetochore MTs could result
in correlated movement of neighboring chromosomes. Future
studies, theoretical and experimental, will reveal to what ex-
tent chromosome movement is correlated during congression.

During mitosis, MTs from one side can attach to either
kinetochore and occasionally form erroneous, merotelic or
syntelic attachments [78,79]. These types of errors are typi-
cal in tumor cells, so it would be interesting to explore the
formation and correction of such attachments by a theoretical
model. Our model could be generalized by describing MT
attachment to kinetochores from both sides, as well as the ob-
served tension-dependent MT detachment from kinetochores
[62,80] and Aurora B activity [81-83]. Such a model could
provide a deeper understanding of the correction of different
types of erroneous attachments.

Our model describes chromosome congression, but the
framework we propose can also be extended to metaphase.

For instance, it may offer insights into the centering forces
that govern kinetochore oscillations. In existing models, the
centering force is typically attributed to polar ejection force
[53,55,56]. Future studies will help determine which cen-
tering force plays the dominant role in driving kinetochore
oscillations.

In conclusion, we introduced a model that describes the
most important forces that appear during chromosome con-
gression, and therefore it represents a powerful tool for
studying this biological process. This model relies on length-
dependent poleward flux and describes MT distributions in
mean-field approximation, which allows us to systematically
explore the parameter space and distinguish the contributions
of different mechanisms.
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APPENDIX A: EQUATIONS OF MOVEMENT
OF THE LEFT AND RIGHT KINETOCHORES

In the main text we focused on equations describing the
movement of the center of mass of sister kinetochores. Here
we present the full equations describing the movements of the
left and right kinetochore and how to get the center-of-mass
equations. The equations of movement of the left and right
kinetochores are given as

n

Evkcﬁ = Fuowre + Feee + Fxa, (A1)

n

Evkcr = Favitr + Fegr — Fxa, (A2)
dxkc// kacr

where vy = - and v = S denote the velocities of the
left and right kinetochores, respectively, and Fk; denotes the
force of interaction between two kinetochores. Inserting these
two equations into the definition of the position of the center

of mass of sister kinetochores xi. = ’%, we get Eq. (1),
rewritten as
dxy
ﬁ?c = Fourr + Fawre + Fegr + Fege. (A3)

In the paper we approximate each of these forces as a func-
tion of the position of the center of mass of the left and
right kinetochores only and not the positions of the individual
kinetochores. In order to be able to calculate the velocity of
the kinetochores it is necessary to provide further definitions
for the left- and right-side functions. Kinetochore MT growth
velocities, defined as

vgkr,[ = :I:(kar,ﬁ - vkc)v (A4)
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are calculated as

Vet = = M fon + Meifin)e (AS)
ggk

Here and in the following Appendixes the upper sign

(+ or —) corresponds to the right-side index r and the lower

sign corresponds to the left-side index £. The average force

per motor protein fp, ¢ for both sides is calculated as

Ukfr,t — Ufl,r) (A6)

Vo

fmr,( = fO (il -

Similarly, the average drag force per cross-linker is calculated
as

fcr,[ = _‘i:c(kar,e - Ufr,l)~ (AT)

Additionally, the forces due to kinetochore motor proteins
stepping toward the right or left are calculated as

Uke — Ve r
JcEre = fCEo<:|:1 - c—>,

UCEO

(A8)

where we redefine the average kinetochore-motor-protein
force, as fcgppe = fcE.apr = fcEr and  fcEppr = fCE.ape =
fcee. The equations governing nonkinetochore-MT distribu-
tions for the left and right sides are identical to those in
Egs. (9)-(12) by form. However, in Eq. (11) the number of
pole MTs at position x pointing toward the left, N (x), is
connected to the number of pole MTs at position x pointing
toward the right as Ny¢(x) = N, (—x). The equations for the
distributions of kinetochore MTs on the left and right kine-
tochores differ in one term due to the kinetochore velocity
affecting the attachment:

dNipr. ¢ Nir o
Tpr = (vg + Ukc)patt<1 - TO npll:L/Z:kaC
- kofkapr,Zs (A9)
8nknr 4 Nkr t
—— = (Vg £ Vkc)Part| 1 — — nr, € | x=x
” (Vg & vie)p n( N >,0 ] P
— KoffMknr, ¢ - (A10)

The number of kinetochore MTs on the right and left kineto-
chores is calculated as

L/2%Fxie
Nee.t = Negrt + / - (A1)
0

and the average parallel and antiparallel overlap lengths are
calculated as

1 L2
Lapr,ppr = E (Nkpr / dx Py,
T Xke

L/2—Xye XeeHl
—i—/ dl nk"_/ deg,r>, (A12)
0 Xke

1

L2
LapZ,ppé = ]V_kz (NkpZ / dx )
X

L/2+4xke Xke
—i—/ dlnkn/ der,g). (A13)
0 X

ke—1

Here we presented the equations for the left and right sides
corresponding to Eqgs. (1)—(17).

APPENDIX B: CALCULATING
THE KINETOCHORE VELOCITY

In order to calculate the kinetochore velocity vy, we start
with the equations for the balance of forces on the kineto-
chore,

nue = Fo + F, B1)
and by applying Egs. (6) and (8) we get
NUke = Mune fror + Mine fine + Mex for + Mee feo
+ 2Nce (ferePr + ferePe), (B2)

where we applied the redefinition of the kinetochore-motor-
protein forces as in Eq. (A8). We proceed by inserting the
force-velocity expression from Egs. (A6)—(AS8). The sum of
the kinetochore-associated motor protein forces is

2Nce(fegePr + fegePe)

Vcgo — Vo/2 fcro
—————(Py — P;) — 2Ncg— Uy,
VCEO

(B3)

= 2Nck fcko

where we used vg ¢ = +v9/2 and P, + P, = 1. The sum of
the forces due to motor proteins and cross-linkers on the
kinetochore MTs follows as

Mmrfmr + Mm@fm( + Mcrfcr + Mc(ffcé

= p( 2 X B4
—ﬂr(E_kar>+.Bl<_?_vkﬂ)a (B4)

where we used a shorthand notation ; = My, g{)% + M., o&..
To find the kinetochore-MT flux velocities vk ¢, we use the
equations for the growth of kinetochore MTs [Eq. (A5)] and
by inserting the force-velocity expression from Eqs. (A6)—

(A8) we get

Egk Vie + ﬂr &,
Egk"‘ﬁr sgk"i‘/gr 2

ok Be v
Uke — -

Eok + Be Eok + B 2
Inserting these equations into Eq. (B4) yields an equation that
shows the kinetochore velocity as a function of the total

number of motor proteins, cross-linkers, and kinetochore-
associated motor proteins,

vy 1
Uke = _0_<&(Mmr -
2 ymr \ Vo

Ukfr = (B5)

Ukfe = (B6)

mZ) + Sc(Mcr - Mc[))

v 1
+(UCE0 - —0> _@(NCEPL’ — NceP),

(B7)
2/ ycE vero

where we introduced the additional shorthand notation
v = (7 + 2Neg 2E)(1+ £)(1+ £2) + 255 + B, + B,
and yeg = yur/(1+ £9)(1+ £5).

APPENDIX C: CALCULATING THE NONKINETOCHORE

MICROTUBULE DISTRIBUTIONS

Here we calculate the nonkinetochore-MT distributions in
a steady-state limit. The stationary equations for distributions
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of nonkinetochore MTs that point rightward, calculated from
Egs. (9)—(12), are given as

0 = ky3(1) — kpsttpe — 8”;’;"”‘, 1)

0 = kpsnpe — Keatflpe, (C2)

0 = kncS(Np(x) — Kpsone — 8”;;’ " ©)
0 = kpspne — KeatPne- (C4)

We solve Eqgs. (C1) and (C3) in two steps. First, we find the
solutions of the homogeneous part, which for these two equa-
tions have the same form with different integration constants
Anp exp(—%), where

lhy=—. (C5)

By taking into account the inhomogeneous terms we calculate
the integration constants yielding the stationary distributions
of nonkinetochore MTs extending from the pole and those
nucleated along preexisting MTs:

kp 1
npe = —exp | ——1), (C6)
Vg l()
knc 1L kp kp 1
= — —_ =+ — ——( .
Pne % exp< A 2) ( ox + o exp lo( + x)
(C7

The solutions of Egs. (C2) and (C4) provide a simple relation-
ship between the numbers of growing and pausing MTs:

k
ﬁpZ = ﬂnpl’ (C8)
cat
o kps
Pne = Pne- (€9)
keat

Based on the calculated analytical expressions for MT dis-
tributions, we can obtain the number of MTs at any position
along the spindle axis. The MTs that cross the position x are
those with the minus end and plus end on opposite sides of that
position. Thus, the calculation for the number of MTs pointing
rightward is given as

00 x 00
Ng(x) = / dl(}’lpg + ﬁpg) + / dx'/ dx”
L/2+x —-L/2 X

X [pne ', X" = X') + Pre(x’, x" — x")]

SR
kps keat 2l lo
x[l + (k—c 4 E)(f +x>i|.
kps keat 2

The distributions for MTs pointing leftward are given by
substituting x — —x in Egs. (C7), (C9), and (C10), whereas

Egs. (C6) and (C8) depend on MT length only and thus are
identical for both directions.

(C10)

APPENDIX D: CALCULATING THE KINETOCHORE
MICROTUBULE DISTRIBUTIONS

We calculate the kinetochore-MT distributions in a steady-
state limit. We also neglect the kinetochore velocity vy, since
it is much smaller than the MT growth velocity v,. With these
approximations, Eqgs. (13) and (14) simplify to

Nie
0 =vgpar| 1 — — |npe — koitNipe,  (D1)
No I=L/24 %1

Nie
0= ngatt<1 - Vo)pni

— kottnine.  (D2)

x=xy.—!

Note that these equations describe MTs attached to the left
kinetochore. These coupled algebraic equations (D1) and (D2)
link the distributions of kinetochore MTs that extend from the
pole and along preexisting MTs, yielding a linear relationship
with a coefficient that depends on the position along the spin-
dle:

Pne |x:xkc—l Nkp(- (D3)

Hgne =
Npeli=L/24x

Inserting this result in the equation for the total number of
MTs at the left kinetochore [Eq. (15)] and using the fact that
Pnt|x=x.—1 does not depend on /, it follows that

L e
N = Nkp[[1 T (— - xkc> L} (D4)
2 Mpeli=L/24x

Combining this result with Egs. (D1) and (D2), the number of
left kinetochore MTs that reach the pole is given as

Nonpeli=L/24x

Nige = . (D5)

Nokotr
Vg Patt

whereas the length distribution of MTs that do not reach the
pole is given as

L
+ peli=1/24me + (5 — Xie) Pt L=t

Noonelx=xe—1

Noko L
vep T Moeli=L/24m + (5 — Xie) Pnelxmne—1

(Do)

Ngne =

The number of kinetochore MTs nucleated along preexist-
ing MTs that reach position x is calculated as

L/2+x
Nknl(x) = / nknldl
X

ke —X

L
= <§ + x)”kn£~ (D7)
In particular, the total number of kinetochore MTs nucleated
along preexisting MTs is given by Nype (xc).

The kinetochore-MT distributions on the right kinetochore
follow by substituting x — —x and xy, — —xi in Egs. (D5)—
(D7), as well as by using the right side MT distributions
instead of the left.

APPENDIX E: STABILITY ANALYSIS
FOR KINETOCHORES IN THE VICINITY
OF THE SPINDLE EQUATOR

In order to explore the stability of the positioning of
kinetochores around the spindle center, we calculate the
kinetochore velocity direction in the vicinity of the spindle
center. From Eq. (C10) follows a mirror symmetry with

043017-14



MECHANISMS OF CHROMOSOME POSITIONING ...

PRX LIFE 2, 043017 (2024)

respect to the spindle center for the probability of motor
protein attachment for the left and right sides Py(x) = P,.(—x).
Due to this symmetry, there is also a mirror symmetry for
the motor protein and cross-linker numbers for the left and
right sides My, (x) = Mpye(—x) and M (x) = M(—x). By
using these symmetries to calculate the kinetochore velocity,
from Eq. (13) it follows that the velocity is antisymmetric
with respect to the spindle center vy.(x) = —uvk.(—x) and
it is equal to zero at the spindle center. We calculate the
kinetochore velocity in the vicinity of the spindle center,
at position xi. = €, which is small compared to the typical
MT length |€| < ly. Taylor expansion of vy, as a function
of the position x at the point x = 0 up to the first term gives
Vkc(€) = v, (0)e. Here and throughout the text, the prime
denotes the first derivative of a function with respect to x. By
taking the first derivative of Eq. (13) at x = 0 and by using the
mirror symmetries of the motor proteins, the cross-linkers,
and the motor protein attachment probabilities we find

%m»=i1<@maﬂm+&m@wn>
ymT \ Vo
Vceo — Yo/2 fero

+2 —_
YCE UCE0

2NceP;(0). (ED)
This equation provides straightforward information about the
stability of the kinetochore positioning, where for negative
values of the velocity derivative the kinetochore is at a stable
position.

APPENDIX F: MOVEMENTS OF THE KINETOCHORE
DUE TO KINETOCHORE MOTOR PROTEINS

In Sec. IIID it was shown that the kinetochore veloc-
ity is oriented toward the center under the influence of the
kinetochore motor proteins. However, it is possible to find a
choice of parameters for which the kinetochore velocity is
not oriented toward the center. We proceed from Eq. (E1) and
calculate

, _ NiNe = Ne/
ETON N2

Next we substitute the expressions for N, and N; calculated
from Eq. (C10) at position xi. = 0,

o Th =)+ ) (F2)
¢ = 2[1 + é(ﬁ + knC)] ’
2 kps kcul

(F1)

From this equation we see that when no nucleation along pre-
existing MTs is present or for Iy < L/2 we get P, < 0. In this
case, if vcg > vo/2, the contributions of kinetochore motor
proteins to the force driving the movements of chromosomes
are toward the center. On the other hand, if nucleation along

o e . kpskca[ 1 1
preexisting MTs satisfies k,c > Foothe =L and if lp > L/2,

we have P, > 0. In this case, if vcg > vo/2, the contributions
of kinetochore motor proteins to the force driving the move-
ments of the chromosomes are directed toward the poles in the
region around the spindle center.
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